JOHN G. HERRIOT
In the present paper we consider the polarization of a lens, obtaining inequalities comparing the average polarization with the capacity and volume of the lens.
This investigation is one phase of a general studyof relationships between various physical and geometric quantities which has been carried on at Stanford University during the past four years under the direction of Professors Pόlya and Szego [5] .
We now explain the concept of polarization as it has been defined by Schiffer and Szego [6] . (Cf. also Pόlya and Szego [5] .) Consider an infinite electric field whose direction is determined by the unit vector h. When a conducting solid is placed in this field, the uniform field will be disturbed; the disturbance is equivalent to superimposing another field on the original one. If the electric potential of the superimposed field is denoted by ψ 9 then its energy is given, apart from trivial factors, by the integral being extended over the whole space exterior to the solid.
We note that the function \jj is harmonic and behaves like a dipole at infinity.
Also \jj satisfies on the surface of the given solid the boundary condition φ = h r -f constant , where r is the radius vector. (The additive constant must be chosen properly.)
We call the quantity P the polarization in the h-direction. It is easily verified that P is a quadratic form in the components of h :
The coefficients of this form depend naturally on the coordinate system used;
however, the invariants of this form are independent of the coordinate system. The simplest of these invariants, and the one with which we shall be concerned in this paper, is the average polarization P m , defined by (1) Pl.
,
The study of P is facilitated by introducing the expansion of the potential \p at infinity, where, as has already been observed, it behaves like a dipole. The strength component of this dipole in the direction h can be represented in terms of the leading coefficient (that of r~2) of the potential; it is a quadratic form ι,/e = l
We call it the dipole form associated with the polarization. By use of Green's formula, it is easy to establish the elegant relation
where V is the volume of the solid. It has been found that E shows a more regular behavior than P. We shall frequently find it convenient to consider P m + V in the present paper.
It is known that for a sphere we have P -P m -2 V. It is conjectured that P m > 2 V for other solids. Now for arbitrary solids it is well known that the capacity C is not less than the radius of a sphere having the same volume as the given solid. (See e.g. Pόlya and Szego [4] .) Thus we have V < (477/3) C 3 . Ilence the inequality P m > (8 77/3) C 3 is stronger than P m > 2 V. An even stronger inequality is
Since, as has already been pointed out, E shows a more regular behavior than P, it is not surprising that this last inequality (2) is the easiest to investigate. It can be studied readily in the case of a lens by means of explicit expressions which Schiffer and Szegό' [6] have given for e x , βy, e z (e ι#1 , e 2 ,2> e 3,3 )» where the z-axis is in the direction of the axis of the lens. From these we can write at once the expressions for P x , Py 9 P z , the polarizations in the χ-9 y-9 and zdirections. These formulas with others are collected together for convenience in §2. We then prove in §3 the strongest inequality (2) for the case of the spherical bowl (lens with Cί + β -277). The same inequality is proven in §4 for the socalled Kelvin case (lens with Cί -f β = 77/2), in §5 for the case of two tangent spheres, and in §6 for the symmetric lens. More detailed information concerning the behavior of the corresponding ratio is obtained for some of these cases.
2. Basic formulas. In this section we collect for convenience several formulas which will be useful in the later sections. Those for the polarization of the lens in the general case and in the several special cases are obtained from the paper of Schiffer and Szego [6] . Those for the capacity are taken from a paper by Szego 372 JOHN G. HERRIOT
[?] , which also gives references to the original literature; they are also collected together in the author's previous paper [3] , and in the paper of Schiffer and Szegό' [6] .
For the polarization of the lens, we have sh (α + y^Jg ch7τg
or the electrostatic capacity of the lens, we have
For the case of the spherical bowl, in which CC + β -277, these formulas yield (7) e x =e y =|c We note that/" (π) = (3πΓ ι .
For the case of the lens with 0. -f β -77/2 (Kelvin case), we have
where (14) [See formula (A-l) in Appendix A.] .
For the limiting case of two tangent spheres of radii a and b 9 we have 
and (20 From (1), (3), (7), (8), and (9) we obtain
If we make use of equation (10), which gives /(Cί) explicitly, and substitute δ for 77 -Cί,we easily obtain (1), (3), (11), (12), and (13) to obtain
where k{d) is given by (14), and, as throughout this section, β = π/2 ~~ Cί. We note that A (α) + h{β) -k (0) becomes infinite when Gί tends to zero orτ7/2; in order to obtain a fraction whose numerator and denominator remain finite, it is convenient to multiply the numerator and denominator in (26) by sin 4 Cί cos 4 Cί. If we subtract 1 from both sides of (26), we obtain
We note that &*(&) is always finite. In order to prove the inequality (2), it suffices to prove that λ;*((X) > 0 for 0 < (X < 77/4 since, as was pointed out earlier, we can always suppose Cί < β . We make use of (14) to obtain the following necessary expressions:
If we substitute (29), (30), and (31) in (28) we obtain, after some simplification, A:
It is clear that each factor in this product is nonnegative, and hence k (Cί) > 0 for f.) < a < 77/4 and indeed for 0 < Cί < 77/2. As previously noted, this is sufficient to prove the inequality (2) for this case.
5 Two tangent spheres. We now consider two tangent spheres of radii a and b, (We assurπe without loss of generality that b < a.) We write b/(a + b) -z (z should not be confused with the z-coordinate), and make use of (1), (3), (15), (16), and (17), obtaining
Recalling that
We note that this expression is a function of z(l ~~ z), and make the substitution We denote this function by t(y). We shall show that t(y) increases as γ increases.
We therefore consider t'(y). A simple calculation gives (35)
where
If we make the substitution z (1 -z) = y in (33), and let l/[n(rι+ 1)]-α Λ , we obtain Repeated application of this inequality shows that
Thus the series in equation (38) certainly converges uniformly and absolutely for
If we divide equation (38) by y 9 differentiate with respect to z, and make use of (34), we obtain 
By means of (40) it is easily seen that the series in (41), (42), and (43) are uniformly and absolutely convergent for 0 < y < 1/4. Moreover, the terms of these series as well as those of the series in (38) alternate in sign after the first few terms. If we make use of (39) and (40), we easily verify that the terms in each of these series decrease in absolute value for 0 < y < 1/4. Consequently, each of these series may be conveniently estimated by taking a finite number of its terms. In order to simplify the estimates we need a better estimate for b m than is given by (40). We easily find that
The following estimates are then obtained: [l-2y + (6 4 + 2 6 3 )y 4 -2y 5 + 4y 6 ] .
All of these estimates are valid for 0 < γ < 1/4.
Before substituting these estimates in (35), we find it convenient to estimate certain combinations which appear there. From (49), (46), and (47) In passing to the last inequality we have made use of the inequalities (44) to estimate the coefficients of y 5 and y 6 and to prove that the sum of the last seven terms is nonnegative for 0 < y < 1/4. From (45) we find in a similar way that We proceed in a similar manner using (48) and (51) The last combination which we shall need is obtained from (50) and (52); it is (54) If we substitute from (53) and (54) into (35), and use the result that Thus we have proved the inequality (2) for the case of tangent spheres.
Of course the weaker inequalities P m > (8ττ/3)C 3 and P m > 2 V follow immediately from (2) . However, it is instructive to consider the behavior of the corresponding ratios for this case of tangent spheres. This behavior can be deduced from the results just obtained if we first study the behavior of 4τ7C 3 /3F.
It has already been pointed out that this ratio is never less than unity [4J .
The volume may be obtained from (21) by setting β = (α/δ)(X and letting Cί->0, or more simply by direct calculation. It is found to be
If we now make use of (17) and (56) we find that
This is a function of y and we could differentiate it with respect to y and prove the derivative nonnegative by a method similar to that used in treating t '(y) above.
F3ut the following method seems to be more elegant. We have
If we substitute (58) and (38) into (57), we obtain 
Combining with our previous result we conclude that the ratio (P m ~h V)/3V
increases monotonely from 1 to (7/6) ζ(3) == 1.402 as b increases from 0 to a.
it is clear that P m /2 V increases monotonely from 1 to (7/4) ζ (3) -1/2 = 1.604 as b increases from 0 to a . Finally since 
Symmetric lens
In this section we prove the inequality (2) for the case of the symmetric lens. If we make use of (1), (3), (18), (19), and (20) 
We note that g(Cί) in (61) is the same function g(Cί) that was used in [3] . xNext we let Since g(α) > 0 for 0 < α < 77, it suffices to prove rf(α) -3g 3 (α) > 0 in order to establish the inequality (2).
We note that d(d) ~~ 3g 3 (Cί) has the value zero when (X = 77/2, because S(τ7/2) = 1. Its value when α = 77/4 or 77 can also be calculated as we shall see.
In proving the desired inequality we shall find it convenient to estimate d(d) and g(oc) by means of Taylor's series expansions of these functions in the neighborhoods of the points α = 77/4, 77/2 and 77. We shall therefore need to compute some of the derivatives of g(&) 9 G((λ), a nd t/(a), and to study their behavior.
From [3] vve find that For the derivatives of d{d), we have
We first consider the interval 77/2 < (X < 77. If we let δ = Ct ~ 77/2, we have
since g'"(θ>) < 0 by (67), and d'"(<X) > 0 for 77/2 < 01 < 77, as we now shall show.
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From (73) we find at once that
We must now find estimates for g'" (&) and G'"(a) . From (67) we see that, for ττ/2 < α < 77, we have (77) and (78) into (76), we find that, for 7ί/2 < (X < 77, Cid"'(ci) is not less than a certain polynomial of third degree in 0C. It is easily verified that this polynomial has three real zeros, none of which lies between 77/2 and 77, and that it is positive for Cί = 77/2 and Cί = 77. Consequently, it is positive for 77/2 < Cί < 77. It follows that d'"(d) > 0 in the same interval.
If we substitute into (74) and (75) Since the desired inequality has not yet been proven for 0C > ττ/2 + 4/3, we consider further the interval 77/2 < U, < n and let e = 77 -Cί. V\e first recall that g"{a) decreases monotonely. Also it has been shown that d'"(Cί) > 0 for ττ/2 < (X < 77; it follows that d" {(λ) increases monotonely in this interval. We thus obtain (80) g (α) < g(77) -eg' (77) +γ g " (77/2) , π/2 < α < 77, and
If we substitute into (80) and (81) the necessary values from Appendix B, we find that, for 77/2 < CC < 77, d(θi) -3g 3 ((X) is not less than a certain sixth degree polynomial in e which is readily shown to be positive for 0 < e < 1/2. It follows
If we combine (79) and (82) the desired inequality is proven for the interval 77/2< a < 77.
Next we turn our attention to the interval 77/4 < Gί < ττ/2. We first need to obtain estimates for g" '(Ci) and d'"(θ'.) in this interval. If we make use of (67) and employ (A-16) and (Λ-28) in Appendix A to evaluate the integrals which arise, we find that (83) 0 > g /#/ (α) > ~ I + 7 77/I6 , 0 < α < 77/2 .
Before we can estimate d'"(θί) we need to estimate G'"(θC). We proceed as we did for the interval τr/2 < 0C ^77, and we find that two of the integrals that have to be evaluated are the same as before although the inequalities are reversed. However, the third integral is different; it may be estimated by making use of (A-8),
(A-10), and (A-17). We find that If we insert the values of g"(0) and g'{τr/2) from Appendix B, and make use of (84), we obtain In passing to the last inequality we have replaced CC by ττ/2 because the first parenthesis is negative and the last one is positive. We also point out that the last member of (85) 
where dγ denotes the last member of (85).
If we substitute into (86) and (87) the necessary values from Appendix B, we find that, for 77/4 < Cί < ττ/2, ζ ~2 [d(a) ~ 3g 3 (Cί)] is not less than a certain seventh degree polynomial in ζ which is easily shown to be positive for 0 < ζ < 1/2. It follows that
Since the desired inequality has not yet been proven for α < τr/2 ~ 1/2, we consider further the interval 77/4 < Cί < ττ/2 and let 77 = Cί -ττ/4. We need another estimate for d"'(a), but of the opposite sense to that given by (85). This in turn requires a new estimate for G'"{a), The necessary integrals may be evaluated by using (Λ-17), (A-23), and (A-24). We find that
If we insert the necessary values from Appendix 13, and make use of (83) and (89) If we combine (88) and (93), the desired inequality is proven for the interval 77/4 < α < 77/2. Finally we consider the interval 0 < Cί < 77/4. We first need to obtain estimates for ί/"(α) and G" (a) in this interval. If we make use of (68) and (69) If we now let K -77/4 ~~ Oί, recall that g"(Cί) decreases monotonely when
Cί increases, and make use of (95), we find that If we substitute into (96) and (97) Combining this with our previous results, we see that the desired inequality has now been established for the whole interval 0 < Cί < 77. As previously observed, this proves the inequality (2) for the symmetric lens.
7. Appendix A. In this appendix we give a table of integrals which includes   THE, POLARIZATION OF A LENS   391 all the integrals needed in the proof in §6 and in the calculations in Appendix B.
Some of these integrals can be deduced easily from formulas given in the integral tables of Bierens de Haan L1 ] When this is the case the formula is followed by two numbers in parenthesis giving first the table number and second the formula number of the necessary formula in the tables of Bierens de Haan.
Since not all of our formulas can be deduced from these tables we indicate alternative methods of proof. Formulas (A-l) to (A-6) can be derived by standard methods of contour integration. In connection with (A-5), we mention that it is necessary to integrate both z sh OLz/sh 2 τrz and chαz/sh 2 77z around an indented rectangular contour; and in (A-6) it is necessary to integrate z -tan -, -3τ7 < a < 3τ7 Z Z J
